Introduction and the main result
We say that a map F from a complex manifold E to cq is a proper holomorphic embedding of E into cq if it is a holomorphic immersion which is one to one and such that the preimage of every compact set is compact. If F: E ~ C q is a proper holomorphic embedding then F(E) is a closed submanifold of
By a theorem of Remmert-Narasimhan-Bishop [Re, Na, Bi] for every pdimensional Stein manifold E there is a proper holomorphic embedding of E into C q where q = 2p + 1. Forster [Fo] showed that one can take q = 2p if p > 2. Recently Eliashberg and Gromov [EG] proved that one can take any q > (3p + 1)/2 and showed that this is sharp for even p.
In the case p = 1 the question remains open: Given an open Riemann surface E does there exist a proper holomorphic embedding of E into C2? Trying to answer this question it is natural to begin with planar domains, i.e. open connected subsets of C. Very few results are known and even in the simplest cases the construction of such an embedding is not easy. Kasahara and Nishino [KN, St] used a technique involving the Fatou-Bieberbach map from C 2 to C 2 to prove that the unit disc can be properly holomorphically embedded into C 2. Their method can be used to prove that for each M E ,W" there is an M-connected domain in C which can be properly holomorphically embedded into C 2. Laufer [La] showed that every annulus can be properly holomorphically embedded into C 2. Alexander [AI] used elliptic modular functions to construct such an embedding of the punctured disc into C 2 which, after a slight modification, becomes a proper holomorphic embedding of the unit disc into C 2.
Our main result is the following L Olobcvnik, B. Stcns,mcs Given M we shall start out by finding a large class of M-connected domains which can be properly holomorphically embedded into C 2. Then we shall show that every M-connected domain as in the theorem is conformaily equivalent to one of these embeddable domains which will imply our theorem.
A metric on the space of M-connected domains bounded by Jordan curves
We denote by d the open unit disc in C and b_y r the Riemann sphere. With no loss of generality we work with domains in C which contain oo. Fix M E JV, the connectivity of the domains to be studied. For our purposes it will suffice to consider domains whose boundaries consist of M pairwise disjoint Jordan curves contained in C, i. ((al,rl) ..... (aM,rM) ) where for each j, 1 ~_ j ~ M, aj ~ C is the center and rj > 0 is the radius of the j'th bounding circle. The obvious condition to be satisfied is rt+r 3 < la~-a/I (i~j, 1 < i,j < M). 
